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Abstract. In this paper, we investigated four applications of the gauge transformation for the BKP
hierarchy. Firstly, it is found that the orbit of the gauge transformation for the constrained BKP
hierarchy defines a special (2 + 1)-dimensional Toda lattice equation structure. Then the tau function
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1. Introduction
The gauge transformation [1, 2] provides a simple way to construct solutions for integrable hierar-
chies. By now, the gauge transformations of many integrable hierarchies have been constructed, for
example, the KP hierarchy [1, 2], the constrained KP hierarchy [2–6], the constrained BKP and CKP
hierarchy [7–10] (cBKP and cCKP), the discrete KP hierarchy [11,12], the q-KP hierarchy [13,14] and
so on. In this paper, we will mainly study the gauge transformation for the BKP hierarchy.
The BKP hierarchy [15] is one of the most important sub-hierarchies of the KP hierarchy defined
by restricting the Lax operator 1L∗ = −∂L∂−1. In order to keep the restrictions on the Lax operator
of the BKP hierarchy, one cannot do gauge transformation for the BKP hierarchy by only using one
kind of the basic gauge transformation operators: the differential type TD and the integral type TI
developed by Chau et al in [1], and instead has to use the combination of TD and TI [7–10]. In
particular, the generating functions of the combination of TD and TI are dependent on each other,
which is also requested by the restriction of the Lax operator. As for the cBKP hierarchy, besides the
usual BKP constraint on the Lax operator, another constraint defined with the eigenfunctions (see
(19)) is also needed. So to ensure this additional constraint for the cBKP hierarchy, the corresponding
∗Corresponding author. Email: hejingsong@nbu.edu.cn.
1Here ∂ = ∂x and the asterisk stands for the conjugation operation: (AB)
∗ = B∗A∗, ∂∗ = −∂, f∗ = f with f be a
function.
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gauge transformation operator can be the one of the usual BKP hierarchy just by letting the generating
function be one of the original eigenfunctions in the definition.
Furthermore, it is an interesting problem to explore the non-trivial relevance of the gauge trans-
formation to the other integrable properties of the BKP besides the explicit solutions, which shall be
illustrated from the following four concerns. We firstly show that the orbit of the gauge transforma-
tion for the constrained BKP hierarchy defines a special (2 + 1)-dimensional Toda lattice equation
structure (see (46)), proposed by Cao et al in [16]. This equation has some importance in mathematics
and physics, whose continuous analogue is equivalent to the Ito equation [17]. And some interesting
integrable properties of this special (2 + 1)-dimensional Toda lattice equation can be seen in [16–19].
Then starting from the Grammian determinant solutions of the BKP hierarchy, we derived two
types of the Pfaffian structures [20, 21] for the BKP hierarchy (see Proposition 4). Since the BKP
hierarchy is the subhierarchy of the KP hierarchy, there are two types of the tau functions for the
BKP hierarchy [15]: one is inherited from the KP hierarchy (denoted by τKP ) by cancelling the even
flow variables, the other is of its own (denoted by τ) defined directly by the odd variables according
to the flow equations. In [9], the transformed tau function under the gauge transformation of the
BKP hierarchy is only provided for τKP in the form of the Grammian determinant [22], while the
transformed tau function of its own is not considered. The crucial point to derive the transformed tau
function of BKP’s own is to root the Grammian determinant according to the relation of these two
types of the tau functions [15]. In this paper, we derived the two types of the Pfaffian structures for
the BKP hierarchy, according to the even or odd steps of the gauge transformation. In particular, for
the case of the even times, it can be obtained directly by using the definition of the Pfaffian, while
the case of the odd times is some complicated.
Further through the gauge transformation of the BKP hierarchy, the higher order Fay-like identities
[23–25] are derived. The transformed tau function under the k + 1-step gauge transformation can be
expressed in two different ways. One is starting from the spectral representation for the eigenfunction
of the BKP hierarchy [26], then after the application of the k-step gauge transformation, the recurrence
relation for the transformed tau function can be obtained. The first expression is derived by solving
this recurrence relation. The other is got by expressing the eigenfunctions in the Pfaffian structure for
the transformed tau function through the spectral representation [26]. The comparison of these two
different expressions gives rise to the higher Fay-like identities.
At last, the compatibility between the additional symmetry and the gauge transformation of the
BKP hierarchy is studied. The additional symmetry [25, 27–34] is a kind of symmetry depending
explicitly on the space and time variables, involved in so-called string equation and the generalized
Virasoro constraints in matrix models of the 2d quantum gravity (see [23] and references therein). In
order to show a new inner consistency of the BKP integrable hierarchy, it is an interesting problem to
investigate the compatibility between the gauge transformation and the additional symmetry.
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This paper is organized in the following way. In section 2, some backgrounds about the BKP
hierarchy are presented. Then, the gauge transformations of the BKP and cBKP hierarchies are
reviewed and the orbits of the gauge transformation for BKP hierarchy are studied in Section 3.
Then, the Pfaffian structures of the BKP hierarchy are investigated in Section 4. Further, the higher
order Fay-like identities through the gauge transformation is derived in Section 5. And in Section 6,
the compatibility of the additional symmetry and the gauge transformation for the BKP hierarchy is
checked. At last, we devote section 7 to some conclusions and discussions.
2. Backgrounds on the BKP Hierarchy
In this section, we shall review some backgrounds of the BKP hierarchy [15]. The BKP hierarchy
is defined in Lax form as follows
∂2n+1L = [B2n+1, L], B2n+1 = (L
2n+1)+, n = 0, 1, 2, · · · , (1)
where the Lax operator is given by
L = ∂ + u2∂
−1 + u3∂
−2 + · · · , (2)
with the coefficient functions ui depending on the time variables t = (t1 = x, t3, t5, · · · ), and satisfies
the BKP constraint
L∗ = −∂L∂−1, (3)
which is equivalent to the condition
B2n+1(1) = 0. (4)
Here ∂2n+1 = ∂t2n+1 . And for any (pseudo-) differential operator A, B, and a function f , (A)± denote
the differential part and the integral part of the pseudo-differential operator A respectively. The
symbol A(f) will indicate the action of A on f , whereas the symbol Af will denote just operator
product of A and f . The Lax equation (1) is equivalent to the compatibility condition of the linear
system
L(ψBA(t, λ)) = λψBA(t, λ), ∂2n+1ψBA(t, λ) = B2n+1(ψBA(t, λ)), (5)
where ψBA(t, λ) is called the Baker-Akhiezer (BA) wave function.
The whole hierarchy can be expressed in terms of a dressing operator W , so that
L =W∂W−1, W = 1 +
∞∑
j=1
wj∂
−j , (6)
and the Lax equation is equivalent to the Sato’s equation
∂2n+1W = −(L2n+1)−W, (7)
with constraint
W ∗∂W = ∂. (8)
3
Let the solutions of the linear system (5) be the form
ψBA(t, λ) =W (e
ξ(t,λ)) = w(t, λ)eξ(t,λ) (9)
where ξ(t, λ) =
∑∞
i=0 t2i+1λ
2i+1 and w(t, λ) = 1 + w1/λ + w2/λ
2 + · · · . Then ψBA(t, z) is a wave
function of the BKP hierarchy if and only if it satisfies the bilinear identity [15]∫
dλλ−1ψBA(t, λ)ψBA(t
′,−λ) = 1, ∀t, t′, (10)
where
∫
dλ ≡ ∮
∞
dλ
2pii = Resλ=∞ and t = (t1 = x, t3, t5, · · · ).
From the bilinear identity (10), solutions of the BKP hierarchy can be characterized by a single
function τ(t) called τ -function such that [15]
ψBA(t, λ) =
τ(t− 2[λ−1])
τ(t)
eξ(t,λ), (11)
where [λ−1] = (λ−1, 13λ
−3, · · · ). This implies that all dynamical variables {ui} in the Lax operator L
can be expressed by τ -function. Moreover, another important property of τ function of the BKP is
the following Fay like identity [25]∑
(s1,s2,s3)
(s1 − s0)(s1 + s2)(s1 + s3)
(s1 + s0)(s1 − s2)(s1 − s3)τ(t+ 2[s2] + 2[s3])τ(t+ 2[s0] + 2[s1])
+
(s0 − s1)(s0 − s2)(s0 − s3)
(s0 + s1)(s0 + s2)(s0 + s3)
τ(t+ 2[s0] + 2[s1] + 2[s2] + 2[s3])τ(t) = 0, (12)
where (s1, s2, s3) stands for cyclic permutations of s1, s2 and s3, and the differential Fay identity [25](
1
s22
− 1
s21
)
{τ(t+ 2[s1])τ(t+ 2[s2])− τ(t+ 2[s1] + 2[s2])τ(t)}
=
(
1
s2
+
1
s1
)
{∂τ(t+ 2[s2])τ(t+ 2[s1])− ∂τ(t+ 2[s1])τ(t+ 2[s2])}
+
(
1
s2
− 1
s1
)
{τ(t+ 2[s1] + 2[s2])∂τ(t)− ∂τ(t+ 2[s1] + 2[s2])τ(t)}. (13)
In the BKP hierarchy, if Φ (or Ψ) satisfies
∂2n+1Φ = B2n+1(Φ)
(
or ∂2n+1Ψ = −B∗2n+1(Ψ)
)
, n = 0, 1, 2, · · · , (14)
we shall call Φ (or Ψ) eigenfunction (or adjoint eigenfunction) of the BKP hierarchy. Obviously, by
(4) and (5), 1 and ψBA(t, λ) are the eigenfunctions. From the fact B
∗
2n+1∂ = −∂B2n+1, any adjoint
eigenfunction Ψ can be given in the form of Ψ = Φx with Φ be an eigenfunction. In particular, the
adjoint BA function ψ∗BA(t, λ) = −λ−1ψBA(t,−λ)x, where
ψ∗BA(t, λ) ≡W ∗−1(e−ξ(t,λ)). (15)
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Thus in the BKP case, it is enough to only consider the eigenfunctions. The relation between the
eigenfunction Φ and the BA wave function ψBA(t, λ) is showed in the following spectral representation
[26],
Φ(t) =
∫
dλψBA(t, λ)ϕ(λ), (16)
with ϕ(λ) = λ−1S (Φ(t′), ψBA(t
′,−λ)x′), where for any pair of (adjoint) eigenfunctions Φ(t),Ψ(t),
S(Φ(t),Ψ(t)) is determined by the following equations,
∂
∂t2n+1
S
(
Φ(t),Ψ(t)
)
= Res
(
∂−1ΨB2n+1Φ∂
−1
)
, n = 0, 1, 2, 3, · · · . (17)
In particular for n = 0,
∂xS(Φ(t),Ψ(t)) = Φ(t)Ψ(t). (18)
The constrained BKP hierarchy [21,35] can be defined by restricting the Lax operator of the BKP
hierarchy (1) in the following form:
L2k+1 = ∂2k+1 +
2k−1∑
i=1
vi∂
i +
m∑
j=1
(
Φ1j∂
−1Φ2j,x − Φ2j∂−1Φ1j,x
)
, (19)
for some fixed k, where Φ1j and Φ2j are the eigenfunctions satisfying (14).
3. the Gauge Transformation for the BKP Hierarchy
Now let’s review some results about the gauge transformation for the BKP hierarchy [7–10]. Assume
T be a pseduo-differential operator and L(1) = TL(0)T−1 with L(0) be the Lax operator of the BKP
hierarchy. T is called the gauge transformation for the BKP hierarchy, if it satisfies:
• preserving the Lax equation: ∂2n+1L(1) = [B(1)2n+1, L(1)], B(1)2n+1 = (L(1))2n+1+ ,
• preserving the BKP constraint: L(1)∗ = −∂L(1)∂−1.
In [7–9], it is showed that the operator T (Φ) = TI(Φ/2)TD(Φ) satisfies the two conditions above,
and thus is the gauge transformation operator of the BKP hierarchy, where Φ is the eigenfunctions of
the BKP hierarchy and
TD(Φ) = Φ∂Φ
−1, TI(Φ/2) = (Φ/2)
−1∂−1(Φ/2). (20)
There is an important property satisfied by T (Φ) = TI(Φ/2)TD(Φ) listed in the lemma below [8].
Lemma 1. The operator T (Φ) = TI(Φ/2)TD(Φ) obeys
T (Φ)∗∂T (Φ) = ∂. (21)
Under the transformation T (Φ) = TI(Φ/2)TD(Φ), we will have
L(0) → L(1) = T (Φ)L(0)T (Φ)−1, (22)
χ(0) → χ(1) = T (Φ)(χ(0)), (23)
5
τ
(0)
KP → τ (1)KP =
Φ2
2
τ
(0)
KP , (24)
where L(0) is the initial Lax operator of the BKP hierarchy, χ(0) is the initial eigenfunction, and τ
(0)
KP
is the initial BKP tau function inherited from the KP hierarchy, which satisfies [15]
τKP = τ
2. (25)
From (24) and (25),
τ (0) → τ (1) = Φ√
2
τ (0). (26)
The actions of the gauge transformation T (Φ) = TI(Φ/2)TD(Φ) on the dressing operator and the BA
function are showed as follows.
W (0) →W (1) = T (Φ)W (0), (27)
ψ
(0)
BA → ψ(1)BA = T (Φ)(ψ(0)BA), (28)
Therefore under the successive gauge transformation
Tn = T (Φ
(n−1)
n )T (Φ
(n−2)
n−1 )...T (Φ
(1)
2 )T (Φ
(0)
1 ), (29)
where {Φ1,Φ2, ...,Φn} are a group of different eigenfunctions of the BKP hierarchy, the Lax operator
L(0) and the BKP tau function τ (0) will transform as
L(n) = TnL
(0)T−1n , (30)
τ
(n)
KP = Gn(Φ1,Φ2, ...,Φn)τ
(0)
KP , (31)
τ (n) =
(
1
2
)n
2
Φ(n−1)n Φ
(n−2)
n−1 ...Φ
(1)
2 Φ
(0)
1 τ
(0), (32)
where
Gn(Φ1,Φ2, ...,Φn) = det (S(Φi,Φjx))1≤i,j≤n . (33)
The gauge transformation for the cBKP hierarchy is constructed in [9] from the corresponding
results about the cKP hierarchy by considering the BKP constraint. Now let’s review the results
about the gauge transformation for the cBKP hierarchy.
Assume (
L(0)
)2k+1
=
(
L(0)
)2k+1
+
+
m∑
i=1
(
Φ
(0)
1i ∂
−1
(
Φ
0)
2i
)
x
−Φ(0)2i ∂−1
(
Φ
(0)
1i
)
x
)
(34)
for the initial Lax operator of the cBKP hierarchy. Under the BKP gauge transformation operator
T (χ) = TI(χ)TD(χ), (34) will become into:(
L(1)
)2k+1
= T (χ)
(
L(0)
)2k+1
TI(χ)
−1 =
(
L(1)
)2k+1
+
+
(
L(1)
)2k+1
−
, (35)(
L(1)
)2k+1
−
= Φ
(1)
1,0∂
−1
(
Φ
1)
2,0
)
x
− Φ(1)2,0∂−1
(
Φ
(1)
1,0
)
x
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+m∑
i=1
(
Φ
(1)
1i ∂
−1
(
Φ
1)
2i
)
x
− Φ(1)2i ∂−1
(
Φ
(1)
1i
)
x
)
, (36)
Φ
(1)
1,0 =
(
T (χ)
(
L(0)
)2k+1)(
Φ
(0)
1,0
)
, Φ
(1)
2,0 = −
2
Φ
(0)
1,0
, (37)
Φ
(1)
1i = T (χ)
(
Φ
(0)
1i
)
, Φ
(1)
2i = T (χ)
∗−1
(
Φ
(0)
2i
)
, (38)
In order to preserve the form of (34), χ is required to coincide with one of the original eigenfunctions
in
(
L(0)
)2k+1
, e.g. χ = Φ
(0)
1,1, since Φ
(1)
1,1 = 0 in this case. Applying successive the BKP gauge
transformations
L(n+1) = T (n)L(n)
(
T (n)
)−1
, T (n) ≡ T (Φ(n)1,1 ) (39)
yields: (
L(n+1)
)2k+1
=
(
L(n+1)
)2k+1
+
+
(
L(n+1)
)2k+1
−
, (40)(
L(n+1)
)2k+1
−
=
m∑
i=1
(
Φ
(n+1)
1i ∂
−1
(
Φ
n+1)
2i
)
x
− Φ(n+1)2i ∂−1
(
Φ
(n+1)
1i
)
x
)
, (41)
Φ
(n+1)
1,1 =
(
T (n)
(
L(n)
)2k+1)(
Φ
(n)
1,1
)
, Φ
(n+1)
2,1 = −
2
Φ
(n)
1,1
, (42)
Φ
(n+1)
1i = T
(n)
(
Φ
(n)
1i
)
, Φ
(n+1)
2i =
(
T (n)
)∗−1 (
Φ
(n)
2i
)
, i = 2, 3, 4, ... (43)
τ (n+1) =
Φ
(n)
1,1√
2
τ (n). (44)
We next restrict the cBKP hierarchy (19) tom = 1 case and then will find the following proposition:
Proposition 2. The orbit of the gauge transformation for the cBKP hierarchy (19) (for k ≥ 1 and
m = 1) defines a special (2 + 1)-dimensional Toda lattice equation structure (here we set Φ = Φ1,1).
∂x∂2k+1lnΦ
(n) =
(
Φ(n)Φ(n+1)
)
x(
Φ(n)
)2 + ((Φ(n−1))−1)
x
Φ(n) −
(
Φ(n)
)
x
(
Φ(n−1)
)−1
, n = 0, 1, 2, ... (45)
Proof. Firstly from (41) and (42),
Φ
(n+1)
1,1 = T
(n)
((
L(n)
)2k+1
+
(
Φ
(n)
1,1
))
+ T (n)
((
L(n)
)2k+1
−
(
Φ
(n)
1,1
))
= T (n)
(
∂2k+1
(
Φ
(n)
1,1
))
+ T (n)
(
Φ
(n)
1,1
∫ x (
Φ
(n)
2,1
)
x
Φ
(n)
1,1 − Φ(n)2,1
∫ x (
Φ
(n)
1,1
)
x
Φ
(n)
1,1
)
Then multiplying Φ
(n)
1,1 to the both sides of the above identity and differentiating it with respect to x,
by the definition of T (n), we have(
Φ
(n)
1,1Φ
(n+1)
1,1
)
x(
Φ
(n)
1,1
)2 = ∂x∂2k+1ln(Φ(n)1,1)+ (Φ(n)2,1)xΦ(n)1,1 − 12∂x (Φ(n)2,1Φ(n)1,1)
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= ∂x∂2k+1ln
(
Φ
(n)
1,1
)
+
1
2
(
Φ
(n)
2,1
)
x
Φ
(n)
1,1 −
1
2
(
Φ
(n)
1,1
)
x
Φ
(n)
2,1
= ∂x∂2k+1ln
(
Φ
(n)
1,1
)
−
((
Φ
(n−1)
1,1
)−1)
x
Φ
(n)
1,1 +
(
Φ
(n)
1,1
)
x
(
Φ
(n−1)
1,1
)−1
At last by considering Φ = Φ1,1, (45) will be derived. 
Note that (45) if set Φ(n) = eu(n) and t2k+1 = y, then we will get the following special (2 + 1)-
dimensional Toda lattice equation [16–19]
∂x∂yu(n) = e
u(n+1)−u(n)∂x(u(n+ 1) + u(n))− eu(n)−u(n−1)∂x(u(n) + u(n − 1)). (46)
4. the Pfaffian Structure of the BKP Hierarchy
In this section, we will investigate the Pfaffian structures of the BKP hierarchy generated by the
gauge transformation.
Firstly, let’s denote [21,26]
Ω(Φ1,Φ2) = S(Φ2,Φ1x)− S(Φ1,Φ2x) (47)
for the eigenfunctions Φ1 and Φ2 of the BKP hierarchy, which satisfies
Ω(Φ1,Φ2) = −Ω(Φ2,Φ1). (48)
In particular, Ω(Φ1, 1) = Φ1, since 1 is also an eigenfunction of the BKP hierarchy. With the help of
the spectral representation (16) and (11), we have [26]
Ω(Φ1,Φ2) =
∫ ∫
dλdµϕ1(λ)ϕ2(µ)e
ξ(t,λ)+ξ(t,µ) λ− µ
λ+ µ
τ(t− 2[λ−1]− 2[µ−1])
τ(t)
. (49)
Thus from (18) and (47),
S(Φ1,Φ2x) =
1
2
(Φ1Φ2 − Ω(Φ1,Φ2)) . (50)
Then we start from the τ
(n)
KP generated by the gauge transformation Tn (see (29)) for the BKP
hierarchy. According to (48) and (50), we find
τ
(n)
KP
τ
(0)
KP
=
1
2n
det (ΦiΦj − Ω(Φi,Φj))1≤i,j≤n =
1
2n
det (ΦiΦj +Ω(Φi,Φj))1≤i,j≤n , (51)
where det(A) = det(AT ) (T denote the transpose) for some matrix A has been used. Before the
further discussion, the lemma [36] below is needed.
Lemma 3. If set A = (ai,j)1≤i,jn, A
∗ be the adjoint matrix of A, and
X = (x1, x2, ..., xn)
T , Y = (y1, y2, ..., yn)
T ,
then
det(A+XY T ) = det(A) + Y TA∗X. (52)
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Thus if denote X = (Φ1,Φ2, ...,Φn)
T and Ω = (Ω(Φi,Φj))1≤i,j≤n , (Ωij)1≤i,j≤n, then from (51)
and (52), we have
2nτ
(n)
KP
τ
(0)
KP
= det(Ω) +XTΩ∗X =
{
det(Ω), n is even;
XTΩ∗X, n is odd;
(53)
since Ω is antisymmetric matrix, and when n is odd, Ω∗ is symmetric matrix, while n is even, Ω∗ is
antisymmetric. Therefore according to (25), the transformed form of the BKP’s own tau function τ
can be derived just by taking the square root of (53).
When n is even, the transformed BKP’s own tau function τ can be expressed as the Pfaffian [20,21],
which is defined as the square root of the determinat of an antisymmetric matrix of even order (see [37]
for more details). For example, the Pfaffians of 2 × 2 and 4 × 4 antisymmetric matrix A = (aij) are
Pf(A) = a12 and Pf(A) = a12a34 − a13a24 + a14a23. Thus according to (25) and (53),
τ (n)
τ (0)
=
(−1)a(n)
2n/2
Pf(Φ1,Φ2, ...,Φn), (54)
where Pf(Φ1,Φ2, ...,Φn) = Pf(Ω). The choice of the sign of (54), when taking square root, can be
seen as follows. According to (32), if letting Φn+1 = 1, since 1 is also the eigenfunction of the BKP
hierarchy, and noting that 1(n) = Tn(1) = 1
n = 1, then
τ (n)
τ (0)
=
√
2
τ (n+1)
τ (0)
, (55)
thus τ
(n)
τ (0)
and τ
(n+1)
τ (0)
have the same sign. Similarly, if setting Φn+2 = 1, by noting that 1
(n+1) = −1,
then
τ (n+1)
τ (0)
= −
√
2
τ (n+2)
τ (0)
, (56)
which shows that τ
(n+1)
τ (0)
and τ
(n+2)
τ (0)
have the different signs. As a result, τ
(n)
τ (0)
and τ
(n+2)
τ (0)
have the
different signs. So we can prove that
a(n) =
n(n− 1)
2
(57)
by induction.
When n is odd, the expression of the transformed BKP’s own tau function τ is some complicated,
which will be the main task of this section. For this, the first thing is to root the quadratic form of
XTΩ∗X, thus we need to show that the quadratic form of XTΩ∗X is positive semidefinte. In fact,
from the fact det(Ω) = 0, we can know that rank(Ω) ≤ n − 1, and thus rank(Ω∗) ≤ 1 [36]. Further
according to the fact τ
(n)
KP 6= 0 and (53), rank(Ω) = n − 1 and rank(Ω∗) = 1. Thus for the n × n
antisymmetric matrix Ω, there exists the orthogonal matrix Q [36], such that,
Ω = QTBQ (58)
9
where
B =

0 b1
−b1 0
. . .
0 bs
−bs 0
0

, (59)
with s = (n− 1)/2. Therefore,
Ω∗ = Q∗B∗Q∗T = Bnnαnα
T
n = ββ
T , (60)
with
B∗ =

0
. . .
Bnn
 , (61)
where Bnn = b
2
1 · · · b2s ≥ 0, Q∗ = (α1, ..., αn), and β = b1 · · · bsαn. So the matrix Ω∗ is positive
semidefinite and
√
XTΩ∗X = XTβ. (62)
On the other hand, denoteD
[
i
j
]
as the (j, k)th minor ofNth-order determinantD = det(aij)1≤i,j≤N ,
that is, the (N−1)th-order determinant obtained by eliminating the jth row and the kth column from
D, and the (N − 2)nd-order determinant obtained by eliminating the jth and kth rows and the lth
and mth columns from the determinant D as D
[
j k
l m
]
, then the Jacobi identity [37] is expressed
in the following form
D
[
i
i
]
D
[
j
j
]
−D
[
i
j
]
D
[
j
i
]
= D
[
i j
i j
]
D. (63)
Thus for the antisymmetric matrix Ω of odd order, from (63) and the fact that Ω∗ is symmetric,
we have
D
[
i
j
]2
= D
[
i
i
]
D
[
j
j
]
. (64)
Since D
[
i
i
]
is the determinant of the antisymmetric matrix of even order, we have
D
[
i
i
]
= Pf2(Φ1, ..., Φ̂i, ...,Φn) , Pf
2
i , i = 1, 2, ..., n. (65)
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Therefore if assume Ω∗ = (Aij)1≤i,j≤n, then
Aij = (−1)i+jD
[
j
i
]
= (−1)i+jPf iPfj, (66)
where we have used the fact Ω∗ is positive semidefinte to omit the negative sign when taking the
square root. So we can take
β = (−1)b(n)+1(−Pf1,Pf2,−Pf3...,Pfn−1,−Pfn)T . (67)
Thus by (62),
√
XTΩ∗X = (−1)b(n)+1
n∑
j=1
(−1)jΦjPfj = (−1)b(n)
n∑
j=1
(−1)j−1Ω(Φj, 1)Pfj
= (−1)b(n)
n∑
j=1
(−1)j−1Pf(Φj , 1)Pfj = (−1)b(n)Pf(Φ1,Φ2, ...,Φn, 1). (68)
Therefore according to (25), (53) and (68),
τ (n)
τ (0)
=
(−1)b(n)
2n/2
Pf(Φ1,Φ2, ...,Φn, 1), (69)
when n is odd. By the same way as the even case, we have
b(n) =
n(n− 1)
2
. (70)
At last, we summarize the result above as the following proposition.
Proposition 4. Under the gauge transformation Tn (see (29)), the BKP tau function τ and the
eigenfunction χ will transform as
• n is even
τ (n)
τ (0)
=
(−1)n(n−1)2
2n/2
Pf(Φ1,Φ2, ...,Φn), (71)
χ(n) =
Pf(Φ1,Φ2, ...,Φn, χ, 1)
Pf(Φ1,Φ2, ...,Φn)
; (72)
• n is odd
τ (n)
τ (0)
=
(−1)n(n−1)2
2n/2
Pf(Φ1,Φ2, ...,Φn, 1), (73)
χ(n) = −Pf(Φ1,Φ2, ...,Φn, χ)
Pf(Φ1,Φ2, ...,Φn, 1)
. (74)
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5. the derivation of the Fay like identities for the BKP Hierarchy by the gauge
transformation
In this section, we will investigate the applications of the gauge transformation in the derivation of
the Fay-like identities for the BKP hierarchy.
Firstly, with the help of the spectral representation (16) for the eigenfunction, we have
Φ
(0)
k+1 =
∫
dλϕ
(0)
k+1(λ)ψ
(0)
BA(t, λ), (75)
where Φ
(0)
k+1 is the generators of the gauge transformation Tn (see (29)). Then the application of the
gauge transformation Tk to the both side of (75) will lead to
Φ
(k)
k+1 =
∫
dλϕ
(0)
k+1(λ)ψ
(k)
BA(t, λ) =
∫
dλϕ
(0)
k+1(λ)
τ (k)(t− 2[λ−1])
τ (k)(t)
eξ(t,λ), (76)
by using (11) and (28). Further according to (32), we can get the following recurrence relation,
τ (k+1) =
1√
2
∫
dλϕ
(0)
k+1(λ)e
ξ(t,λ)τ (k)(t− 2[λ−1])
=
1√
2
∫
dλϕ
(0)
k+1(λ) : e
−θˆ(λ) : τ (k)(t) (77)
where
θˆ(λ) = −
∞∑
i=0
t2i+1λ
2i+1 +
∞∑
i=0
2
(2i+ 1)λ2i+1
∂
∂t2i+1
, (78)
and : ... : indicates standard normal ordering, i.e., ∂∂t2i+1 is on the right of t2i+1. Using the following
identity:
: e−θˆ(λk) : ... : e−θˆ(λ0) :=: e−
∑k
j=0 θˆ(λk) :
∏
i>j
(
λi − λj
λi + λj
)
, (79)
we can solve the recurrence relation (77) and express τ (k+1) in terms of the initial tau function τ (0):
τ (k+1) =
(
1
2
) k+1
2
∫ k∏
j=0
dλj : e
−θˆ(λk) : ... : e−θˆ(λ0) : τ (0)(t)
k∏
j=0
ϕ
(0)
j+1(λj)
=
(
1
2
) k+1
2
∫ k∏
j=0
dλj
∏
i>j
(
λi − λj
λi + λj
) k∏
s=0
fs(t, λs)τ
(0)(t− 2
k∑
j=0
[λ−1j ]), (80)
where
fk(t, λ) = ϕ
(0)
k+1(λ)e
ξ(t,λ). (81)
On the other hand, when k is odd, if let k + 1 = 2n, then according to Proposition 4 and (49),
τ (k+1)
τ (0)
=
(−1)k(k+1)2
2(k+1)/2
Pf(Φ1,Φ2, ...,Φk+1) =
(−1)k(k+1)2
2(k+1)/2
∑
P
(−1)PΩi1,i2Ωi3,i4 ...Ωi2n−1,i2n
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=
(−1)k(k+1)2
2(k+1)/2
∫ k∏
j=0
dλj
k∏
s=0
fs(t, λs)
∑
P
(−1)P
n∏
l=1
(
λi2l−1 − λi2l
λi2l−1 + λi2l
)
τ (0)(t− 2[λ−1i2l−1 ]− 2[λ−1i2l ])
τ (0)(t)
=
(−1)k(k+1)2
2(k+1)/2
∫ k∏
j=0
dλj
k∏
s=0
fs(t, λs)Pf
((
λi − λj
λi + λj
)
τ (0)(t− 2[λ−1i ]− 2[λ−1j ])
τ (0)(t)
)
0≤i,j≤k
, (82)
where P is the sequence selected from {0, 1, 2, 3, ..., 2n − 1} that satisfy
i1 < i2, i3 < i4, i5 < i6, ..., i2n−1 < i2n,
i1 < i3 < i5 < ... < i2n−1, (83)
and the factor (−1)P takes the value +1 (−1) if the sequence i1, i2, ..., i2n is an even (odd) permutation
of 0, 1, 2, ..., 2n − 1. Thus comparing with (80), we can get
∏
i>j
(
λi − λj
λi + λj
)
τ (0)(t− 2
k∑
j=0
[λ−1j ])
= (−1)k(k+1)2 τ (0)(t)Pf
((
λi − λj
λi + λj
)
τ (0)(t− 2[λ−1i ]− 2[λ−1j ])
τ (0)(t)
)
0≤i,j≤k
. (84)
When k is even, Proposition 4, (16) and (49) will lead to
τ (k+1)
τ (0)
=
(−1)k(k+1)2
2(k+1)/2
Pf(Φ1,Φ2, ...,Φk+1, 1) =
(−1)k(k+1)2
2(k+1)/2
k+1∑
j=1
(−1)j−1ΦjPfj
=
(−1)k(k+1)2
2(k+1)/2
∫ k∏
j=0
dλj
k∏
s=0
fs(t, λs)
k∑
l=0
(−1)l τ
(0)(t− 2[λ−1l ])
τ (0)(t)
×Pf
((
λp − λq
λp + λq
)
τ (0)(t− 2[λ−1p ]− 2[λ−1q ])
τ (0)(t)
)
0≤p,q≤k,p 6=l,q 6=l
(85)
The comparison with (80) gives rise to
∏
i>j
(
λi − λj
λi + λj
)
τ (0)(t− 2
k∑
j=0
[λ−1j ]) = (−1)
k(k+1)
2
k∑
l=0
(−1)lτ (0)(t− 2[λ−1l ])
×Pf
((
λp − λq
λp + λq
)
τ (0)(t− 2[λ−1p ]− 2[λ−1q ])
τ (0)(t)
)
0≤p,q≤k,p 6=l,q 6=l
. (86)
We summarize the result above into the following proposition
Proposition 5. The initial tau function τ (0)(t) for the BKP hierarchy satisfies the higher Fay-like
identities.
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• k is odd ∏
i>j
(
λi − λj
λi + λj
)
τ (0)(t− 2
k∑
j=0
[λ−1j ])
= (−1)k(k+1)2 τ (0)(t)Pf
((
λi − λj
λi + λj
)
τ (0)(t− 2[λ−1i ]− 2[λ−1j ])
τ (0)(t)
)
0≤i,j≤k
. (87)
• k is even∏
i>j
(
λi − λj
λi + λj
)
τ (0)(t− 2
k∑
j=0
[λ−1j ]) = (−1)
k(k+1)
2
k∑
l=0
(−1)lτ (0)(t− 2[λ−1l ])
×Pf
((
λp − λq
λp + λq
)
τ (0)(t− 2[λ−1p ]− 2[λ−1q ])
τ (0)(t)
)
0≤p,q≤k,p 6=l,q 6=l
. (88)
At last, let’s conclude this section with some examples:
• For k = 2, (88) will lead to
(λ2 − λ0)(λ2 − λ1)(λ1 − λ0)
(λ2 + λ0)(λ2 + λ1)(λ1 + λ0)
τ (0)(t− 2[λ−10 ]− 2[λ−11 ]− 2[λ−12 ])τ (0)(t)
=
(λ2 − λ1)
(λ2 + λ1)
τ (0)(t− 2[λ−11 ]− 2[λ−12 ])τ (0)(t− 2[λ−10 ])
−(λ2 − λ0)
(λ2 + λ0)
τ (0)(t− 2[λ−10 ]− 2[λ−12 ])τ (0)(t− 2[λ−11 ])
+
(λ1 − λ0)
(λ1 + λ0)
τ (0)(t− 2[λ−11 ]− 2[λ−10 ])τ (0)(t− 2[λ−12 ]), (89)
which is just (12) for s0 = −λ−10 , s1 = −λ−11 , s2 = −λ−12 , s3 = 0.
• For k = 3, according to (87),
(λ3 − λ0)(λ3 − λ1)(λ3 − λ2)(λ2 − λ0)(λ2 − λ1)(λ1 − λ0)
(λ3 + λ0)(λ3 + λ1)(λ3 + λ2)(λ2 + λ0)(λ2 + λ1)(λ1 + λ0)
(90)
×τ (0)(t− 2[λ−10 ]− 2[λ−11 ]− 2[λ−12 ]− 2[λ−13 ])τ (0)(t)
=
(λ0 − λ1)(λ2 − λ3)
(λ0 + λ1)(λ2 + λ3)
τ (0)(t− 2[λ−10 ]− 2[λ−11 ])τ (0)(t− 2[λ−12 ]− 2[λ−13 ])
−(λ0 − λ2)(λ1 − λ3)
(λ0 + λ2)(λ1 + λ3)
τ (0)(t− 2[λ−10 ]− 2[λ−12 ])τ (0)(t− 2[λ−11 ]− 2[λ−13 ])
+
(λ0 − λ3)(λ1 − λ2)
(λ0 + λ3)(λ1 + λ2)
τ (0)(t− 2[λ−10 ]− 2[λ−13 ])τ (0)(t− 2[λ−11 ]− 2[λ−12 ]), (91)
which is just (12) for s0 = −λ−10 , s1 = −λ−11 , s2 = −λ−12 , s3 = −λ−13 .
6. the additional symmetry and the gauge transformation for the BKP Hierarchy
In this section, we will study the compatibility between the additional symmetry and the gauge
transformation of the BKP hierarchy.
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Firstly, the additional symmetry of the BKP hierarchy (1) is defined by introducing the additional
variables tˆml [25]:
∂ˆmlL = [−(Aml(M,L))−, L], ∂ˆmlW = −(Aml(M,L))−W, (92)
where
Aml(M,L) =M
mLl − (−1)lLl−1MmL, (93)
satisfying
Aml(M,L)
∗ = −∂Aml(M,L)∂−1 (94)
and M is the Orlov-Schulman operator defined by
M =WΓW−1, Γ =
∑
n=0
(2n + 1)t2n+1∂
2n, (95)
which satisfies
∂2n+1M = [B2n+1,M ], [L,M ] = 1. (96)
Before considering the additional symmetry under the gauge transformation, some lemmas are needed.
Lemma 6. For any pseudo-differential operator P and a function f ,
(f∂f−1Pf∂−1f−1)+ = f∂f
−1(P )+f∂
−1f−1 − (f∂f−1P+)(f)∂−1f−1 (97)
(f−1∂−1fPf−1∂f)− = f
−1∂−1f(P )−f
−1∂f − f−1∂−1(f∂f−1P ∗+)(f) (98)
Lemma 7. For the eigenfunction Φ of the BKP hierarchy,
Aml(M,L)+(Φ) = −(TD(Φ)Aml(M,L)TD(Φ)−1)∗+(Φ) (99)
Proof. According to (94) and (97),
(TD(Φ)AmlTD(Φ)
−1)∗+
=
(
TD(Φ)(Aml)+TD(Φ)
−1 − (TD(Φ)(Aml)+) (Φ)∂−1Φ−1
)∗
= TI(Φ)(Aml)
∗
+TI(Φ)
−1 +Φ−1∂−1 (TD(Φ)(Aml)+) (Φ)
= −TI(Φ)∂(Aml)+∂−1TI(Φ)−1 +Φ−1∂−1 (TD(Φ)(Aml)+) (Φ),
then (
− TI(Φ)∂(Aml)+∂−1TI(Φ)−1
)
(Φ) = −2Φ−1
∫
Φ∂x
(
(Aml)+(Φ)
)
and (
Φ−1∂−1 (TD(Φ)(Aml)+) (Φ)
)
(Φ) = Φ−1
∫
Φ2∂x
(
Φ−1(Aml)+(Φ)
)
= −Φ−1
∫
(Aml)+(Φ)Φx +Φ
−1
∫
Φ∂x
(
(Aml)+(Φ)
)
.
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Therefore
(TD(Φ)Aml(M,L)TD(Φ)
−1)∗+(Φ)
= −Φ−1
∫ (
(Aml)+(Φ)Φx +Φ∂x
(
(Aml)+(Φ)
))
= −(Aml)+(Φ)

After the preparation above, we can get the proposition below.
Proposition 8. Additional symmetry flows (92) commute with the gauge transformation T = T (Φ)
for the BKP hierarchy, that is,
∂ˆmlL˜ = [−(Aml(M˜ , L˜))−, L˜], ∂mlW˜ = −(Aml(M˜, L˜))−W˜ , (100)
where
L˜ = TLT−1, M˜ = TMT−1, (101)
if and only if the eigenfunction Φ transforms under the additional symmetries as:
∂ˆmlΦ = (Aml(M,L))+Φ. (102)
Proof. Firstly, by (92)
∂ˆmlL˜ = ∂ˆmlT · LT−1 + T ∂ˆmlL · T−1 − TLT−1 · ∂ˆmlT · T−1 (103)
= [−T (Aml(M,L))−T−1 + ∂mlT · T−1, L˜] (104)
On the other hand,
[−(Aml(M˜, L˜))−, L˜] = [−(TAml(M˜ , L˜)T−1)−, L˜]. (105)
Thus (100) holds if and only if
− (TAml(M,L)T−1)− = −T (Aml(M,L))−T−1 + ∂ˆmlT · T−1 (106)
Since T = TI(Φ/2)TD(Φ) = TI(Φ)TD(Φ), thus from (97), (98), and (99)
−(TAml(M,L)T−1)−
= −TI(Φ)(TD(Φ)Aml(M,L)TD(Φ)−1)−TI(Φ)−1
+Φ−1∂−1
(
TD(Φ)(TD(Φ)Aml(M,L)TD(Φ)
−1)∗+
)
(Φ)
= −TI(Φ)(TD(Φ)Aml(M,L)TD(Φ)−1)−TI(Φ)−1 − Φ−1∂−1
(
TD(Φ)(Aml(M,L))+
)
(Φ)
= −T (Aml(M,L))−T−1 − TI(Φ)
(
TD(Φ)(Aml(M,L))+
)
(Φ)∂−1Φ−1TI(Φ)
−1
−Φ−1∂−1
(
TD(Φ)(Aml(M,L))+
)
(Φ). (107)
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On the other hand,
∂ˆmlT · T−1 = ∂ˆmlTI(Φ) · TI(Φ)−1 + TI(Φ)∂ˆmlTD(Φ) · TD(Φ)−1TI(Φ)−1
= −Φ−1∂ˆmlΦ+ Φ−1∂−1
(
∂ˆmlΦ
)
Φ−1∂Φ+ TI(Φ) ·
(
∂ˆmlΦ
)
Φ−1 · TI(Φ)−1
−TI(Φ) · Φ∂Φ−2 ·
(
∂ˆmlΦ
)
Φ∂−1Φ−1 · TI(Φ)−1
= −Φ−1∂−1
(
TD(Φ)
(
∂ˆmlΦ
))− TI(Φ) · (TD(Φ)(∂ˆmlΦ)) ∂−1Φ−1 · TI(Φ)−1 (108)
Therefore from (107) and (108), (106) is true if and only if
∂ˆmlΦ = (Aml(M,L))+Φ.

7. Conclusions and Discussions
We have provided four applications of the gauge transformation for the BKP hierarchy.
• The orbit of the gauge transformation for the constrained BKP hierarchy defines a special
(2 + 1)-dimensional Toda lattice equation structure (see Proposition 2);
• Starting from the Grammian determinant solutions of the BKP hierarchy, we derived two types
of the Pfaffian structures for the BKP hierarchy (see Proposition 4);
• Through the gauge transformation of the BKP hierarchy, the higher order Fay-like identities
are derived (see Proposition 5);
• The compatibility between the additional symmetry and the gauge transformation of the BKP
hierarchy is studied (see Proposition 8).
Our results show that the gauge transformation is also convenient tool to study integrable properties,
such as the Fay-like identities and the additional symmetries for the BKP hierarchy.
For the non-Hermitian random matrix models, there are the Pfaffian tau function structures [38,39],
which are closely related with the BKP hierarchy. We hope that our results will be helpful for the
comprehension of the link between the BKP hierarchy and the non-Hermitian random matrix models.
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